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Complete description of polarization effects in emission of 
a photon by an electron in the field of a strong laser wave 
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Abstract. We consider emission of a photon by an electron in the field of a strong laser wave. Polarization 
effects in this process are important for a number of physical problems. The probability of this process for 
circularly or linearly polarized laser photons and for arbitrary polarization of all other particles is calculated. 
We obtain the complete set of functions which describe such a probability in a compact invariant form. 
Besides this, we discuss in some detail the polarization effects in the kinematics relevant to the problem 
of e — > 7 conversion at 77 and 76 colliders. 



1 Introduction 



The Conipton scattering 



X 



e{p) + j{k) ^ e{p') + j{k') 



(1) 



is one of the first processes calculated in quantum electro- 
dynamics at the end of 1920's. The analysis of polariza- 
tion effects in this reaction is now included in text-books 
(see, for example, T §87). Nevertheless, the complete de- 
scription of cross sections with polarization of both initial 
and final particles has been considered in detail only re- 
cently (see and literature therein). One interesting 
application is the collision of an ultra-relativistic electron 
with a beam of polarized laser photons. In this case the 
Compton effect is the basic process for obtaining of high- 
energy photons for contemporary experiments in nuclear 
physics (photo-nuclear reactions with polarized photons) 
and for future 77 and je colliders 5 . The importance 
of the particle polarization is clearly seen from the fact 
that in comparison with the unpolarized case the number 
of final photons with maximum energy is nearly doubled 
when the helicities of the initial electron and photon are 
opposite 

With the growth of the laser field intensity, an electron 
starts to interact coherently with n laser photons, 

eiq) + njLik)^eiq')+j{k'), (2) 

thus the Compton scattering becomes non-linear. Such a 
process with absorption of n = 1, 2, 3, 4 linearly polar- 
ized laser photons was observed in the recent experiment 
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at SLAG in] ■ The polarization properties of the process (O 
are important for a number of problems, for example, for 
laser beam cooling (2| and, especially, for future 77 and je 
colliders (see |Hlin] and the literature therein) . In the latter 
case the non-linear Gompton scattering must be taken into 
account in simulations of the processes in the conversion 
region. For comprehensive simulation, including processes 
of multiple electron scattering, one has to know not only 
the differential cross section of the non-linear Compton 
scattering with a given number of the absorbed laser pho- 
tons n, but energy, angles and polarization of final photons 
and electrons as well. The method of calculation for such 
cross sections was developed by Nikishov and Ritus I10| . 
It is based on the exact solution of the Dirac equation in 
the field of the external electromagnetic plane wave. Some 
particular polarization properties of this process were con- 
sidered in ^Ij-JS! and have already been included in the 
existing simulation codes |14lllHj . Another approach was 
used in 17 , where the total cross section and the spec- 
trum for the non-linear Gompton scattering, summed over 
numbers of the absorbed laser photons n and over spin 
states of the final particles, had been obtained. 

In the present paper we give the complete description 
of the non-linear Compton scattering for the case of cir- 
cularly or linearly polarized laser photons and arbitrary 
polarization of all other particles^. We follow the method 
of Nikishov and Ritus in the form presented in ^ §101. 
In the next section we describe in detail the kinematics of 
the process The effective differential cross section is 
obtained in Sect. 3 in the compact invariant form, includ- 
ing the polarization of all particles. In Sect. 4 we consider 
the process ^ in the reference frame relevant for 77 and 



^ Preliminary results of this work have been submitted to 
the hep-ph archive |18| . 
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76 colliders. The limiting cases are discussed in Sect. 5. In 
Sect. 6 we present some numerical results obtained for the 
range of parameters close to those in the existing projects 
of the 77 and 76 colliders. In the last section we summa- 
rize our results and compare them with those known in 
the literature. In Appendix A we show that our results 
coincide in the limit of weak laser field with those for the 
linear Compton scattering. 



on the polarizations of the laser wave and the initial elec- 
tron^. From the quantum point of view, this radiation can 
be described as the non-linear Compton scattering with 
absorption of n laser photons. When describing such a 
scattering, one has to take into account that in a laser 
wave the 4-momenta p and p' of the free initial and final 
electrons are replaced by the 4-quasi-momenta q and q' 
(similar to the description of a particle motion in a pe- 
riodic potential field in non-rclativistic quantum mcchan- 



2 Kinematics 

2.1 Parameter of non-linearity 

Let us consider the interaction of an electron with a mono- 
chromatic plane wave described by the 4-potential {x) . 
The corresponding electric and magnetic fields are E and 
B, a frequency is lo, and let F be the root-mean-squared 
field strength, 

= (B^) = (e2> . 

The invariant parameter describing the intensity of the 
laser field (the parameter of non-linearity) is defined via 
the mean value of the squared 4-potential: 



(3) 



where e and m are the electron charge and the mass, and 
c is the velocity of light. We use this definition of ^ both 
for the circularly and linearly polarized laser photons^. 

The origin of this parameter can be explained as fol- 
lows. The electron oscillates in the transverse direction un- 
der the influence of a force ~ eF and for the time ^ 1/ui 
acquires the transverse momentum ~ — eF/uj^ thus 
for the longitudinal motion the effective electron mass is 

= m? + (px/c)-^. The ratio of the momentum p±_ to 
mc is the natural dimensionless parameter 



eF 



(4) 



This parameter can be expressed also via the density tt-l 
of photons in the laser wave: 



eF y 
mojc J 



(5) 



where h is the Plank constant and a ~ e^ /{he) « 1/137. 



2.2 Invariant variables 

From the classical point of view, the oscillated electron 
emits harmonics with frequencies nw, where n = 1, 2, ... 
Their intensities at small are proportional to (E^)" cx 
the polarization properties of these harmonics depend 



^ Note that our definition of this parameter for the case of 
the linear polarization differs from the one used in flD, by a 
factor I/V2. 



q = p + C 

J\2 



2pk 

^ = {q'f = {^+e)m^'e■ 



k, q' =p' - 

2\ ™2 2 _ 



2p'k 



(6) 



2 2 



In particular, the energy of the free incident electron E is 
replaced by the quasi-energy 



cqo = E + e 



2pk 



(7) 



As a result, we deal with the reaction ^ for which the 
conservation law reads 



q -\- nk = q' + k' . 



(8) 



From this it follows that all the kinematic relations which 
occur for the linear Compton scattering will apply to the 
process considered here if the electron momenta p and 
p' are replaced by the quasi-momenta q and q' and the 
incident photon momentum k by the 4- vector nk. Since 
qk — pk, it is convenient to use the same invariant vari- 
ables as for the linear Compton scattering (compare |3]): 



2pk 



y 



kk' 
pk 



(9) 



Moreover, many kinematic relations can be obtained from 
that for the linear Compton scattering by the replacement 
u nuj, m ^ m,. In particular, we introduce the auxil- 
iary combinations 



where 



= 2A/»"n(l - rn), c„ = 1 - 2r„ , 



(1 - y) nx 



(10) 



(11) 



It is useful to note that these invariants have a simple 
notion, namely 

Sn = sm9, c„ = cos^, r„ — sin^(^/2) , (12) 



The polarization of the first harmonic is related to the 
tensor of the second rank (EiEj); in this case one needs 
only three Stokes parameters. The polarization properties of 
higher harmonics are connected with the tensors of higher rank 
{EiEj . . . E^), and in this case one needs more parameters for 
their description. It is one of the reason why the non-linear 
Compton effect has been considered so far only for 100% po- 
larized laser beam, maiidy for circular or linear polarization. 
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where 9 is the photon scattering angle in the frame of 
reference where the initial electron is at rest on average 
(q = 0, qo = m^c). Therefore, 



< s„, r„ < 1 ; -1 < c„ < 1 , 



(13) 



The maximum value of the variable y for the reaction 
101 is 

y< Vn = — -T— 7^ ■ 14 

nx + 1 + 

The value of ?/„ is close to 1 for large n, but for a given n it 
decreases with the growth of the non-linearity parameter 
With this notation one can rewrite s„ in the form 

^/y{yn - y){i - Vn) , (15) 



yn(i - y) 

from which it follows that 



at 



y 



Vn or at y^Q. 



(16) 



The usual notion of the cross section is not applicable 
for the reaction |5J) and usually its description is given in 
terms of the probability of the process per second W^*^"^ . 
However, for the procedure of simulation in the conversion 
region as well as for the simple comparison with the linear 
case, it is useful to introduce the "effective cross section" 
given by the definition 



(17) 



where 



3 



{qk)& 
qo hw 



2qofiio 



is the flux density of colliding particles. Contrary to the 
usual cross section, this effective cross section does de- 
pend on the laser beam intensity, i.e. on the parameter 
The total effective cross section is defined as the sum 
over harmonics, corresponding to the reaction ^ with a 
given number n of the absorbed laser photons'^: 



da 



(18) 



2.3 Invariant polarization parameters 

The invariant description of the polarization properties of 
both the initial and the final photons can be performed in 
the standard way (see jj, §87). We define a pair of unit 
4- vectors 



,(1) - 



N 



= (2) 



(19) 



In this formula and below the sum is over those n which 
satisfy the condition y < y„, i.e. this sum runs from some 



minimal value rimin 
the equation yn^^^- 



up to n = oo, where nmin is determined by 
1 <y < yn„i„ . 



where 



7 ' 



\/-N^ = m^xy ■ 



The 4-vectors e*^^^ and e*^^^ are orthogonal to each other 
and to the 4-vectors k and k', 

gWeO') = -S,j, e^fc = e«fc' = 0; 1,2. 

Therefore, they are fixed with respect to the scattering 
plane of the process. 

Let be the Stokes parameters for the initial photon 
which are defined with respect to 4-vectors e'-^-' and e^^-'. 
As for the polarization of the final photon, it is neces- 

f f) 

sary to distinguish the polarization Q of the final pho- 
ton as resulting from the scattering process itself from the 
detected polarization which enters the effective cross 
section and which essentially represents the properties of 
the detector as selecting one or other polarization of the 

final photon (for detail see §65). Both these Stokes pa- 
f f) 

rameters, Q ' and are also defined with respect to the 

4-vectors e^^^ and e^^\ 

Let ^ be the polarization vector of the initial electrons. 
As with the final photon, it is necessary to distinguish 
the polarization <^'-^'> of the final electron as such from 
the polarization C that is selected by the detector. The 
vectors C and C' enter the effective cross section. They also 
determine the electron-spin 4-vectors 



m 

C'P' 



CP 



m{E + m) 

C'p' 



m{E' + m) 

and the mean helicity of the initial and final electrons 



(20) 



A. 



2|P| 



Ai 



2|P'I 



(21) 



Now we have to define invariants which describe the 
polarization properties of the initial and the final elec- 
trons. For the electrons it is a more complicated task than 
it is for the photons. For the linear Compton scattering, 
the relatively simple description was obtained in |2] us- 
ing invariants which have a simple meaning in the center- 
of-mass system. However, this frame of reference is not 
convenient for the description of the non-linear Compton 
scattering, since it has actually to vary with the change of 
the number of the absorbed laser photons n. 

Since ap = a'p' = 0, we can decompose the electron 
polarization 4-vectors over three convenient unit 4-vectors 
Cj and e'j, i = 1, 2, 3, projections on which determine po- 
larization properties of the electrons. Our choice is based 



Below we use the system of units in which c = 1, ft = 1. 
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on the experience obtained in jjj and ^ni- We exploit 
two ideas. First of all, the 4-vector e*^^^ is orthogonal to 
the 4-vectors fc, k' , p and p', therefore, the invariants 
Ci — — ae'-^-' and C{ — —a'e^^'' are the transverse polar- 
izations of the initial and the final electrons perpendicu- 
lar to the scattering plane. Further, it is not difficult to 
check that the invariant ak/{mx) is the mean helicity of 
the initial electron in the frame of reference, in which the 
electron momentum p is anti-parallel to the initial photon 
momentum k. Analogously, the invariant a'k/[{mx{l — y)\ 
is the mean helicity of the final electron in the frame of 
reference, in which the momentum of the final electron p' 
is anti-parallel to the initial photon momentum k. It is 
important that this interpretation is valid for any number 
of absorbed laser photons. Furthermore, we will show that 
for the practically important case, relevant for the e ^ 7 
conversion, these frames of reference almost coincide. 
As a result, we define the two sets of units 4-vectors 



Analogously, for the final electron the invariants can be 
presented as 



such that 



(30) 



C' = EC;n^ (31) 

i=i 

In what follows, we will often consider the non- linear 
Compton scattering in the frame of reference in which an 
electron performs a head-on collision with laser photons, 
i.e. in which p || (— k). We call this the "collider system". 
In this frame of reference we choose the z-axis along the 
initial electron momentum p. Azimuthal angles ip, P and 
(3' of vectors k', ^ and C' are defined with respect to one 
fixed X-axis. 



ei — e^^^ , 62 — e 



63 = — [P k 



(22) 



m^a;(l — y) 



1 



P 



-k 



m \ x{l — y) 

These vectors satisfy the conditions 

CiCj = Sij , ejp = ; e-e^ = -(5y , e'jp' = . (23) 

It allows us to represent the 4-vectors a and a' in the 
following covariant form: 



(24) 



where 

Q = -acj , Cj = -a'e'j ■ (25) 

The invariants Q and describe completely the polar- 
ization properties of the initial electron and the detected 
polarization properties of the final electron, respectively. 
To clarify the meaning of invariants Cj , it is useful to note 
that 

Q = Cn, , (26) 
where the corresponding 3- vectors are 



1," = e," eici 

^ ^ E + m ^' 



(27) 



with Bjo being a time component of the 4-vector Cj defined 
in H22|l . Using the properties H23|) of the 4-vectors ej, one 
can check that 

rii Uj = Sij . (28) 
As a result, the polarization vector C has the form 



(29) 



3 Cross section in the invariant form 
3.1 General relations 

The effective differential cross section can be presented in 
the following invariant form: 



n 

dr„ = d{q + nk- q -k) — ; — , 

w' q'^ 

where r^, = a/m is the classical electron radius, and 

p(n) ^ Fo^"^ +^ + Gfc^) 



(32) 



(33) 



Here the function F^^^ describes the total cross section for 
a given harmonic n, summed over spin states of the final 
particles: 



(34) 



The terms Fj^^^^'j and G^^\j in (|33|l describe the polar- 
ization of the final photons and the final electrons, respec- 
tively. The last terms H^J'\^£^j stand for the correlation 
of the final particles' polarizations. 

From H32I) , one can deduce the polarization of the 

final photon ^j-^^ and electron cj''^' resulting from the scat- 
tering process itself. According to the usual rules (see P , 
§65), we obtain the following expression for the Stokes 
parameters of the final photon (summed over polarization 
states of the final electron): 



(/) 



F, 



Fo 

i = l, 2, 3. 



Fo^Y.Pt\ F3-T.P3 



(35) 
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The polarization of the final electron (summed over polar- 
ization states of the final photon) is given by invariants 



Af) _ r /^(") 



(36) 



therefore, its polarization vector is 

3 



(37) 



In the similar way, the polarization properties for a given 
harmonic n are described by 



An){f) ^ fj_ An){f) _ ^3 



(n) ' •'J 



(«) 



(38) 



3.2 The results for the circularly polarized laser 
photons 

In this subsection we consider the case of 100% circularly 
polarized laser beam. The electromagnetic laser field is 
described by the 4-potential 



e 



e'^^-' cos {kx) + Pc e^^^ sin {kx 



where the unit vectors e^j}'"^^ are given in H19|l and is the 
degree of the circular polarization of the laser wave or the 
initial photon helicity. Therefore, the Stokes parameters 
of the laser photon are 

6=6 = 0, 6 = ^^c = ±i. (40) 

We have calculated the coefficients F^"^ , cj"^ and if^^"^ 
using the standard technique presented in P, §101. The 
necessary traces have been calculated using the package 
MATHEMATICA. In the considered case of the 100 % 
circularly polarized (Pc = il) laser beam, almost all de- 
pendence on the non-linearity parameter accumulates 
in three functions: 



(39) 



in particular. 



fi=gi = hi = l at zi = . 



(44) 



It is useful to note that this argument is small for small 
as well as for small or for large values of y: 



Zn —> either at ^ , 

or at 1/ — > , or at y — > j/n 



(45) 



The results of our calculations are the following. The 
function F^"\ related to the total cross section if^H) . reads 



F 



(") 



1 



1-y 
ysn 



+ 1 - y /, 



1 + 6^" 



y{2-y) 
■■ C2 c„ C3 



1-2/ 



KPc- (46) 



The polarization of the final photons Q is given by 
Eq. where 



(«) _ y 



i-yyi + e^ 
1 



== hnPc Cl I 



(47) 



y 



i-y 
2-y 



1 - y CnKPc , gn C2 



fn - /Vn 9n C 



F. 



(«) 



1-2/^" i+e 

2{U - gn) + sl{l + A) g, 

== hnPc C2 ; 



y 



here and below we use the notation 
A = — — . 

1 + 6 



(48) 



The polarization of the final electrons Q is given by 
CT- (123 with 



^ 4nV^(z„) 



(41) 



where J„ (z) is the Bessel function. The functions (|41|1 de- 
pend on X, y and ^ via the single argument 



yrT6 

For the small value of this argument one has 

_ _ _ (Zn/2)^("-l) 
Jn 5n r/' i \ 119 at » 

[(n- 1)!]2 



(42) 



(43) 





= Gi"^ 


Cl 




= G^"^ 


C2 




= g["^ 





(i-y)v/r+6 

5n C2, 



(49) 

(c„5n Cs + ^ri -Pc) , 



where we introduced the notation 



g|l"^ = 2/„ 



G[|"^ = 



1 + 6 



1 - y /n 



(50) 
(51) 



i-yy 1 + 6 



1 - y 
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Finally, the correlations of the final particles' polariza- 
tions are 

jjin) ^ _^f^^^p^ + [(2 - y)(/„ - g„) 



rr(") 
^21 



+ (1 - y + A)slg„\ C2 

y 



{(2-y)(/„-.g„) 



[l + {l-y)A] 4.9n}Ci, 



Tjin) 



yCnSn 



ffn + 2c„/l„Pc C2 

/in-PcCa, (52) 



rr(") _ 



ii-y)V^Te 
(i-2/)v/T+e^ 



(") _ y 



w ' - 



2 - 22/ + 



(2 - y)fn 



H. 



in) 
13 



1-2/ 
2 - 2y + 2/2 



: ft-nPc C2 



1-y 
1 - ;/ + 



(/n - 5«) 



i7. 



23 



ysn 



2/c„s, 



Ci, 
2 - 2y + y2 



1-y 



ifn - gn) 



.9ii Ci 



H. 



: 5n C2 



C2 



+ [2(/„-5„) + (l + Z\)4g„] C3- 

3.3 The results for the linearly polarized laser photons 

Here we consider the case of 100% linearly polarized laser 
beam. The electromagnetic laser field is described by the 
4-potential 



A'^(x) = A'' cos {kx) , = ^ , 



(53) 



where is the unit 4- vector describing the polarization of 
the laser photons, which can be expressed in the covariant 
form via the unit 4-vectors e*^^'^) given in H19|) as follows: 



cl = e'^^ sin ip — e''^^ cos (p . 



The invariants 



sin (p = — bl e^^^ , cos = bl e 



(54) 

(2) (55) 



have a simple notion in the collider system. For the prob- 
lem discussed it is convenient to choose the x-axis of this 
frame of reference along the direction of the laser linear 
polarization, i.e. along the vector blj.. With such a choice, 
the quantity (f is the azimuthal angle of the final photon 
in the collider system (analogously, the azimuthal angles 
P and f3' of the electron polarizations and C' are also 
defined with respect to this x-axis). 

The Stokes parameters are defined with respect to 
the x'y' z'-axes which are fixed to the scattering plane. The 
x'-axis is perpendicular to the scattering plane: 



a:' II k X k'; 
the y'-axis is in that plane 

y' II k X (k X k') = ~uj^k'j_ 



(56) 



(57) 



The azimuthal angle of the linear polarization of the laser 
photon in the collider system equals zero with respect to 
the xyz-ax.es, and it is <^ -I- (37r/2) with respect to the 
x'y' z'-axes. Therefore, in the considered case of the 100 % 
linearly polarized laser beam one has 



6 



- sin 2ip, ^2 = 0, ^3 



' cos 2ip . 



(58) 



When calculating the effective cross section (|32|) . we 
found that almost all dependence on the non-linearity pa- 
rameter ^2 accumulates in three functions: 



/„ = 4 [Ai{n, a, b)] - -iAo^n, a, 5)^2 (f^, a, b) . 

An? 2 
9n = [A(i{n, a, b)\ , 
7 

An 

hn = — Ao{n, a, b) Ai{n, a, b) , 



(59) 



where the functions Ak{n, a, b) were introduced in |10| as 
follows 



Ak{n, a, b) 



(60) 



cos*"' Ip exp [ i [wiIj — a sin ip + b sin 2ip)] 



dip 
2^ 



The arguments of these functions are 

1 



Ap Ap' 
kp kp' 



a = e|— I, 6=^ e'A^ [ - ) (61) 



1 1 

kp kp' 



or, expressed in terms of the non-linearity parameter, they 
are 



V2Cm 



y 



kp kp' 
In the collider system one has 

a — ~Zn V2 COS if 



2(1 -y)x 



(62) 



(63) 



where z„ is defined in (|42l) . From the definition of the 
functions l|60|l one can deduce that 

Ak(n, -a, b) = i-ir+'^Akin, a, 6); 
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therefore, the functions /„, g„ and /i„ are even functions 
of the variable cos Lp. To find the photon spectrum, one 
needs also the functions (jsSll averaged over the azimuthal 
angle tp: 

Cfn)^ fj fn'^^ (64) 

Among the functions Ao, Ai and A2 there are useful 
relations (see [TU] ') 

a, fe) = i [AQ{n - 1, a, h) + Ao(n + 1, a, h)] , 

A2(n, a, 6) = i [^o("- - 2, a, 6) + 2Ao(n, a, h) (65) 
+ Ao(n + 2, a, b)] , 
(n — 26) j4o(n, a, 6) — a^i(n, a, 6) + 46^2(71, a, 6) = 0. 

To find the behavior of Ao(n, a, b) for small values of 
its arguments, one can use the expansion into the series 
of Bessel functions 

s— +00 

Ao(n, a, 6) = ^ J„+2s(a) Js(&) ■ 



(66) 



s— — 00 



As a consequence, for small values of or y ^ we 
have 



acxV^, b^ye. Au{n,a,b)^{yey" (67) 

and ^ 

(yf^)""' . (68) 
In particular, at = or at y = 

A = (/i> = (.9i> = /ii = 1 , .gi - l + cos2(p. (69) 

The results of our calculations are the following. First, 
we define the auxiliary functions 



Xn = fn - (1 + c„) (1 - zi r„) g„ - /i„ cos 2(/? 

= (1 + C„)gn - 2ft.„ C0S^(/9 , 
Vn = /« COS 2ip 

+ 2(l + c„) (1 - Z\r„)g„ - 2/i„ cos^(^ 



(70) 



where c„, r„ and A are defined in 110(1 . pi(l and ((48(1 . 
respectively. 

The term F^"'\ related to the total cross section ((34(1 . 
reads 

^— -1-2/) ./„-T4:^5n. (71) 



^0 — 



1-y 



The polarization of the final photons ^j''^ is given by 



((^ . where 

i^i^"^ = 2 X„ sin 2ip , i^3^"^ = -2 \4 



^2 — 



I^^= ( hn Ci sin 2(^ - F„ C2 
1 +£2 V 



1 + £2 ^" ' 



2-y , 



(72) 



The polarization of the final electrons C, is given by 



CT- (El with 





= gV"^ 


Ci 


g(") 


= gV"^ 


C2 


G^' 


= ^11"^ 





(l-y)v/r+F 

ysn 



hn Cs sin 2(^ , 
Yn^Z , (73) 



(i-?y)yr+£^ 

^ ( Ci sin 2ip - y„C: 



where we use the notation 





= 2/„ - 





















1 - y ) /« 



1 - y / 1 + 



:9n 



C3 



(74) 



(75) 



At last, the correlations of the final particles' polariza- 
tions are 

(„) 2~2y + y^ y /■ ■ n 
H{^' = ^ XnCi sm2(p 



1- y 

2- 2/ 



1-2/ 1 + e 



H. 



(") _ 2/ 



21 



1-2/ 
2 - 2y + y2 



(2 - y)Vr 



i+e 

XnC2 sin2<^ 



1-2/ 

==hn Cs sm2i^ 



i7; 

H. 
H 



yi+i' 

2/s« 



(") 

{i-v)Vi + l 

2XnC?, sin2(^ 

) _ 
12 — 

(n) _ 



(n) 



2/s,i 



(l-2/)v/l+1^ 

ysn 



== (YnCi - h,i C2 sin 2.^) 

1 + £2 V y 

/i„ sin 2(^ , 



22 



(i-2/)v/T+e^ 



(") _ 2/ 



32 

(") 
13 



(2 - y)/„ 
1 - 2/ L 

'2-2y + y2 



1+e 

„2 



(76) 



1-2/ 
2/(2-2/) 



Vn 



+ 



1-2/ 

2/'Sri 



v/i+^ 



1+^2 

XnC2 sin2i^ 
/i„ C3 sin 2(p , 



5n C: 



(n) _ 2/(2 - y) 



^23 — 



1-y 

1 - y + y2 si 



XnCi sin2(p - 

9n ] C2 



2 - 2y + y^ 

1-y 



Vn 



fn -, J.9 ffn ) C3 J 



1-y^ i+e 



1 - y i + e 

ysn 



V1+? 
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H. 



(n) 



33 



hn Ci sin 2tp + YnC,-. 

C3. 



4 Going to the collider system 
4.1 Exact relations 

As an example of the application of the above formulae, 
let us consider the non-linear Compton scattering in the 
collider system defined in Sect. 2.3. In such a frame of 
reference the unit vectors rij , defined in (|27|1 , has a simple 
form: 



ni 



p X p' 



k X k' 



Ipxp'l Ikxk'l' 



n2 = 



P X ni 

|p X ml 



Ik' 



IpI 



(77) 



and the invariants Cj S'l'e equal to 

Ci = Cni = C-L sin (<p - /3) , C2 = Cn2 = C-L cos {if ~ 13) , 
C3 = Cna = 2Ae . (78) 

Here k'^ and C,^ stands for the transverse components of 
the vectors k' and ^ with respect to the vector p, and 
Cj_ = ICil- Therefore, in this frame of reference, is the 
transverse polarization of the initial electron perpendicu- 
lar to the scattering plane, ^2 is the transverse polarization 
in that plane and ^3 is the doubled mean helicity of the 
initial electron. 

A phase volume element in (|32|l is equal to 



dr — dy dip , 



(79) 



and the differential cross section, summed over spin states 
of the final particles, is 



— J^n 



(80) 



dy dip 

Integrating this expression over ip and then over y, we find 



dy 



27rrf 



(«)\ 



(81) 



X Jo 

where for the circular polarization 
1 



\Fl,-^)dy^ 



1-y 
y(2-2;) 



1 - y /« - 



(82) 



1-y 

and for the linear polarization 

(n^"^> = + 1 - y) (/n) - . (83) 



This means that for the circularly polarized laser photons 
the differential dcr(") (C, O/'^Z/ and the total cr(") (C, i) cross 
sections for a given harmonic n do not depend on the 
transverse polarization of the initial electron. For the lin- 
early polarized laser photons, these cross sections do not 
depend at all on the polarization of the initial electron. 
These properties are similar to those in the linear Comp- 
ton scattering. 

The polarization of the final photon is given by H35I) . 
The polarization vector of the final electron is determined 
by (|37|l . but, unfortunately, the unit vectors n^- in this 
equation have no simple form similar to l(77J. Therefore, 
we have to find the characteristics that are usually used 
for description of the electron polarization — the mean 
helicity of the final electron Ag and its transverse (to the 
vector p') polarization in the considered collider sys- 
tem. For this purpose we introduce unit vectors Vj, one 
of them is directed along the momentum of the final elec- 
tron p' and two others are in the plane transverse to this 
direction (compare with H77|l ): 



1^1 = ni, vi 



p X m 
Ip' X nil 



= 



Ip'I 



(84) 



Therefore, C' '^1 is the transverse polarization of the fi- 
nal electron perpendicular to the scattering plane, ^' 1^2 is 
the transverse polarization in that plane and C' '^3 is the 
doubled mean helicity of the final electron: 



C'i^3 = 2A^ 



(85) 



Let us discuss the relation between the projection C'^^ji 
defined above, and the invariants Cj, defined in (|2SJ), l|Sni) . 
In the collider system the vectors i>i and n'^ coincide 



therefore. 



(86) 



(87) 



Two other unit vectors 112 and rig are in the scattering 
plane and they can be obtained from the vectors 1^2 and 
fa by the rotation around the axis Ui on the angle {—A9): 



C'/^2 =C2 COS A0 + C3 
C''^3 = 



C2 cos Ae + C3 sin Ae , 
C3 cos Z\6' - C2 sin Z\6', 



where 



cos Ad = I'sriQ , sin A9 = —u^n'2 



(89) 



As a result, the polarization vector of the final electron 
(|37|l is expressed as follows: 



^(/) ^ I., ^ + 1.2 ( ^ cos AO +^ sin Ae 

Fo \Fo Fq 

/ Q Q 

+ V3[—cosAd sin AO 

V ^0 Fq 



(90) 



At the end of this subsection we consider the relation 
between the used collider system and the centre-of-mass 
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system (CMS) for a given harmonic n, defined by the re- 
quirements: 

p'=-k', p = -n(l-r„zi)k (91) 

(in accordance with the conservation law rewritten in 
the form p + n(l — r„Z\)fc = p' + k'). In this frame of 
reference the invariants ^j(CMS) are defined analogously 
to the invariants Q- 

C;(CMS) = -a;e;.(CMS), (92) 

where 



ei(CMS) = e(i) , e^(CMS) = e^^) + ^^k' , 

e',iCMS) = - (p' ^ ^k') . (93) 
m \ p' k' J 

It is not difficult to find the relation between these invari- 
ants and the invariants Cj, defined in H25|l : 

CUCMS) = Ci, C2(CMS) = cos0:C2+sine:C3, 
^(CMS) = cos e: Cs - sin C2 , (94) 

where 0* is the photon scattering angle in the rest system 
of the final electron (p' = 0) 



sin 0; = , , (95) 

(1 - r„Zi) v/TTF 

with A defined in 

4.2 Approximate formulae 

All the above formulae are exact. In this subsection we 
give some approximate formulae useful for application to 
the important case of high-energy 77 and je colliders. It is 
expected (see, for example, the TESLA project ^Hl) that 
in the conversion region of these colliders, an electron with 
the energy E ~ 100 GeV performs a head-on collisions 
with laser photons having the energy w ~ 1 eV per a single 
photon. In this case the most important kinematic range 
corresponds to almost back-scattered final photons, i. e. 
the initial electron is ultra-relativistic and the final photon 
is emitted at a small angle 0-y with respect to the z-axis 
(chosen along the momentum p of the initial electron): 

E->m, 6*^ < 1. (96) 

In this approximation we have 

'^EoJ J , E' 

x^^, y«-«l-— , 97 
m'^ E E 

therefore, H80|l gives us the distribution of the final pho- 
tons over the energy and the azimuthal angle. Besides, the 
photon emission angle for the reaction ^ is (see Fig. ^ 

0^ ^ ^nx + l + e ,/--! (98) 
E \ y 



and 6-y at y Un- For a given y, the photon emis- 
sion angle increases with the increase of n. The electron 
scattering angle is small. 




0.25 0.5 0.75 1 

y=co/E 



Fig. 1. Photon scattering angles 0^ for different harmonics n 
versus the final photon energy lo' at x — 4.8 and = 3. The 
dashed curve corresponds to — 0. 

Let us consider the azimuthal dependence of the de- 
tected Stokes parameters for the final photon. These pa- 
rameters are defined with respect to the x'y' z'-axes which 
are fixed to the scattering plane. The a;'-axis is the same as 
for the initial photon and perpendicular to the scattering 
plane: 

x' II kxk'; (100) 
the y'-axis are in that plane: 

y' II k' X (k X k') . (101) 

At small emission angles of the final photon 6^ <^ 1, the 
final photon moves almost along the direction of the z- 
axis and kxk' azimuth is approximately equal to ip + 
(37r/2). Let be the detected Stokes parameters for the 
final photons, fixed to the xyz-axes of the collider system. 
These Stokes parameters are connected with by the 
following relations: 

« cos 2ip + sin 2(^ , = ^2 , 
^3 ~ -^3 cos 2ip - ^[ sin 2ip . (102) 

Inserting these relations into the effective cross section, 
we find the Stokes parameters resulting from the scatter- 
ing process itself and fixed to the xyz-axes of the collider 
system: 

^U) ^1 o . „ r(/) F2 
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'(f) ^3 ^1 

•3 ~ -TT COS 2(p + — sin 2if . 

-TO 



(103) 



Note that H1U2|) and IjlU^I) become exact in the limit y 
y Ti- 
lt is not difhcult to check that, for the considered case, 
the angle A9 between vector and rig is very small: 



2^ 



< 



This means that the invariants in H3U|) almost coincide 
with the projections C'^^jj defined in 1)84(1 . 

«Cisin(^-/3'), C2 « Ci cos (v? -/?'), 
C3 « 2A1 , (105) 

and that the exact equation H90() for the polarization of 
the final electron can be replaced with a high accuracy by 
the approximate equation 



(106) 



Up to now we deal with the head-on collisions of the 
laser photon and the initial electron beams, when the col- 
lision angle ao between the vectors p and (— k) was equal 
zero. The detailed consideration of the case ao 7^ is 
given in Appendix B; see also ^0 . We present here the 
summary of such a consideration. If ao 7^ 0, the longitu- 
dinal component of the vector k becomes kz = —to cos ao 
and it is appeared to be the transverse (to the momen- 
tum p) component kj_. However this transverse compo- 
nent is small, |k_L| < w <C m, therefore the transverse 
momenta of the final particles almost compensate each 
other, p^ = kj_ — k'^ w ~^'±- The invariants x and y 
become (compare with f^Tl ) 



4:Euj 9 ao 
— — cos — . 



UJ 

'e 



1 - 



'e 



(107) 



The polarization parameters of the initial and the final 
electrons and photons conserve their forms (|78|l . H1U5|) . H4U|I . 
1)58(1 . 1(102(1 and 1(103(1 . Therefore, the whole dependence on 
ao enters the effective cross section and the polarizations 
only via the quantity x ((107(1 . 



4.3 Averaged polarization of the final particles 

The polarization of the final photon and electron, aver- 
aged over the azimuthal angle (p in the collider system, 
is important in many application. To find it, one can use 
the same method as for the linear Compton scattering 
(see [U, [3], 1^). Let us consider, for definiteness, the 
case of the circularly polarized laser photons. Substitut- 
ing the exact equations ((78(1 for C^j and the approximate 
equations 1(102(1 . p05(l for ^j, Cj into Ip!^ . we obtain the 



explicit dependence of the effective cross section ((3211 on 
if. Then we take into account that the terms 

E P^^, « (-^1"^ 2^ - (108) 



sin 2(p - f]"^ cos 2^3 ) i'^ 



after the averaging over ip become equal to 



(109) 



where 



1 - y CnhnPc 



■9n]C. 



(110) 



After a similar averaging of the terms J2j ^'j^^Cj^ '^^ 
tain 

dy ^ ^ + ^^2 

+G^r^C^C'^ + g[|")c^ + ^ {H^f CU'A , (111) 

where (Fq'"^), G^"^ and g["^ are given in (|H21), 113 and 
(151(1 . respectively. According to the usual rules, we obtain 
from this equation the averaged polarization of the final 
particles for the case of the circularly polarized laser pho- 
tons: 



it. 



(")(/)\ 



0, (^1")(^)) 



(«)(/)\ 



(«)\ 



(C 



(")(/) \ 



r<(») 



(4 

g1") 



0, 



(»)\ 



(112) 



In a similar way we obtain the averaged polarization 
of the final particles for the case of the linearly polarized 
laser photons^: 



(«)(/)\ 



0, (ct^(/^ 



(Ft^) 



2(/„) - (2 + 2c„ - slA) (5„) 



{Ft\ 
(1 + Cnf (.g„ cos 293)] , 



(113) 



(G 



(«)\ 



(F 



(«)\ 



(C; 



(«)(/)\ 



(G 



(»)\ 



To perform such an averaging, we take into account that 
the functions /n, g-n and hn are even functions of the vari- 
able cos<p. Therefore, (gnsin;^) — 0, since the averaged func- 
tion is odd under the replacement ip —p, and (p„cosi/j) = 
{hn cos ip) = 0, since the averaged function is odd under the 
replacement p n ~ p. 
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where {F^"^), G^"\ g||"^ are given in (|71|l. ^ and 

{Ft^) = y ifn) - (5n>) C3 . (114) 

Note that the averaged Stokes parameters of the final 
photon do not depend on and that the averaged polar- 
ization vector of the final electron is not equal zero only 
if Pc 7^ or if ^ 7^ 0. These properties are similar to those 
in linear Compton scattering. 



5 Limiting cases 

In this section we consider several limiting cases in which 
description of the non- linear Compton scattering is essen- 
tially simplified. 

(i). The case of — > 0. At small all harmonics 
with n > 1 disappear due to the properties 143|l . (|45(l . 
(jnnil and we have 



2(n-l) 



at 



0. 



(115) 



We have checked that in this limit our expression for the 
effective cross section of the first harmonic, da'^^\ coin- 
cides with the result known for the linear Compton effect; 
see Appendix A. 

(ii). The case o/ y — > for arbitrary x and . This 
hmit corresponds to forward scattering (9e — , 9j = n). 
We expect that in this limit an electron as well as a photon 
does not change its polarization. Indeed, at small y all 
harmonics with n > 1 disappear due to the properties 
g2I), ggi and (EHl, (EHl), i.e. 



cx ^ at y 



0, 



(116) 



and we found that 



Fo = 2, =20, G,=20, i/y=2C.C,, (117) 
therefore, 

daiC, I, C', r) rl 



therefore, in this limit the effective cross section both for 
the circularly and linearly polarized laser photons has the 
form 



dy dip 



(121) 



' e 

Ax 



As a consequence, the polarization of the final electron for 
a given harmonic n is 



'(")(/) 



3 

E 

i=l 



(122) 



where the unit vectors are defined in H3U|) . To show 
that coincides with C,, one has to demonstrate that 

the unit vectors coincide with the unit vectors from 
(|27|l . This can be easily seen, for example, in the frame of 
reference in which p = and in which the photon energies 
are small in the considered limit, uj' < mu m, as well 
as the momentum of the final electron, |p'| ^ to. As a 
result, 

C^^)(f)^C, (123) 

in accordance with our expectation. 

(iv). The case of 0^ — s- for the circularly polarized 
laser photons, Pc = il- At small 6^ the energy of the final 
photon is close to its maximum, y y-n, and the functions 
(|41|l become equal to 



fn — 9n — " 

7„ = {n^/n\f 



In {yn - y) 

e 



ri-1 



(124) 



yn(l-yn){l+e) 



Therefore, all harmonics with n > 1 disappear^ and only 
the photons of the first harmonic can be emitted along the 
direction of the initial electron beam: 



dy dip 2x 
It follows from this equation that 



(l + CC')(l + ^0 (118) da^-'HC, t CMO 



dydip 



r 

Ax 
at y 



cx /„ cx {y„ 



(125) 



(119) 



in accordance with our expectation. 

Note that for the case of circularly polarized laser pho- 
tons the equations, similar to (|119|l . hold also for each 
harmonic separately: = C. , = ^. 

(Hi). The case of x for arbitrary which corre- 
sponds to the classical limit. In this limit an electron does 
not change its polarization. For a certain harmonic with 
n x <^ 1 one has y < ?/« < <C 1 and 



^ The vanishing for the strict backward scattering of all har- 
monics with n > 3 is due to the conservation of z component of 
the total angular momentum in this limit: the initial value 
of Jz = Xe — n Xl can not be equal for n > 3 to the final value 
of Jz — X'g + A!^ (here Ae (A^) is the helicity of the initial (final) 
electron and Al (A!y) is the helicity of the laser (final) photon). 
For n — 2 this argument does not help, since Jz — ±3/2 can 
be realized for the initial and final states. The vanishing of the 
second harmonics for the strict backward scattering is a spe- 
cific feature of the process, related to the facts that Jz — ±3/2 
can be realized only if Xj — —Xl and that the polarization 



G 



in) 



in) 



in) 



vector e^'^T** = 



is orthogonal not only to the 4-vectors 



(120) k, k' but to the 4-vectors p, p' and e'^^' as well. 
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with 

p(n) 2 — 2?/ + 7/^ 

v= r " (i+c3a)(i"^ce^) (126) 

In -L Vn 

^ Un 

In this limit, the final photons are circularly polarized, 



(«)(/) 



(")(/) 



= 0, 



and the polarization of the final electrons is 

/-(")(/) _ 2(1 - yn) 



C; 



(«)(/) _ 2C3-(2y„-;/^)(C3+Pc) 



(127) 



(128) 



in particular, at = ±1 the hclicity of the electron is con- 
served in the non-linear Compton scattering, ^"^^'^^(y ~^ 
Vn) — > Cs- Note that the function F^"^ does not depend on 
the azimuthal angle ip and (|127|l and H128|l are in accor- 
dance with the results (|112|l for the polarizations averaged 
over ip. 

Let us consider in more detail this limit for the first 
harmonic. The spectrum of the fist harmonic. 



daW(C,0_ 2^r2 



dy 



a;(i - yi) 
at y ^yi 



[2~{2y,-yl){l + C3Pc)] 



(129) 



depends on the non-linearity parameter only via 

X 

^ x + i+e' 

For the case of "good polarization", Ca-fc = —1, the first 
harmonic has a peak at y yi of the value 



daW(C,0 47rr2 



dy 



1 



at y ^ yi and (aPc = -1 ■ (130) 
At large a; ^ 1 + the quantity yi tends to 1, 



a; -I- 1 -I- 

and the function F^^^ becomes large 



(131) 



I -VI 



[{l + C:iO{l-PcQ 



{C^ + Q{Pc~Q] 



(132) 



Therefore, integrating the effective cross section for the 
first harmonic, dcr'-^-' cx 1/(1 — y), near its maximum, i.e. 
in the region 

1 + 

^<l-y<l, (133) 



we find (with logarithmic accuracy) the total cross section 

^^2 



a(c, I, c, r) 



2x 



[{i + QzQ{i-PcQ 



{C^ + Q{Pc-Q] In- 



,^,-.•(134) 

If one sums this expression over spin states of the final 
particles, one arrives at the result for the cross section 



^(C,0 = ^ (l-C3Pc)ln 



(135) 



which is in accordance with that obtained by a different 
method in ("ITj . 

(v). The case of 0-^ — > for the linearly polarized 
laser photons. At y yn, the argument a tends to zero, 
while the argument b tends to the nonzero constant, b — > 
n^^/[2(l -I- ^^)]; the function Ao{n, a, b) oc -^j/„ — y van- 
ishes for odd n and Af){n, a, b) — *■ (— 1)"/^ J„/2(6) for even 
n. As a result, the spectra and the polarizations are dif- 
ferent in this limit for odd and even harmonics. 

Odd harmonics. The spectrum in this case, 



dcr(")(C,0 2TTrl 



dy 



x{l - yn) 



(2 - 2y,, + yl) 



(136) 



X [J{n-l)/2{b) - J{n+l)/2 



at y^yn 



depends on the non-linearity parameter via y„ and via 
the argument 6, but the spectrum does not depend on the 
initial electron polarization. In this limit, the final photons 
have circular polarization, proportional to (^3, and linear 
polarization along the direction of the linear polarization 
of the laser photons, 

1,2 

■C3, 



0, e^(^) 



22/« - vl 



2?/n + vl 



f{n)U) 
?3 



2(1 - Vn) 



2 - 22;„ + yl ' 
The polarization of the final electrons in this case is 



(137) 



/■(")(/) 

S3 



2(1 



2- 

C3 



22/r! 



Vn 



(138) 



in particular, the final electrons have the same mean hc- 
licity as that for the initial one. 

Even harmonics. The spectrum reads 



da(«)(C,|)_ 2nrl 2yl 



dy 



at y ^Vn- 



[Jn/2{b)y 



(139) 



In this limit the final photons have only circular polariza- 
tion equals to (^3 , and the final electrons have mean hclicity 
opposite to that for the initial one: 



'(")(/) 



0, C 



(")(/) 



C3 , 4 
-C3. 



(")(/) _ 



0, 



(140) 



Note that ifTTTI) . ((051) and 1(^01) are in accordance with 
the results (jll^ll for the polarizations averaged over (p. 
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6 Numerical results related to 77 and 76 
colliders 

In this section we present some examples which illustrate 
the dependence of the differential cross sections and the 
polarizations, obtained in the previous sections, on the fi- 
nal photon energy. We restrict ourselves to properties of 
the high-energy photon beam which are of most impor- 
tance for the future 77 and 76 colliders. The used pa- 
rameters are close to those in the TESLA project In 
particular, 

X « AEuj/m^ = 4.8, 

and the non-linearity parameter ^ is chosen either 
the same as in the TESLA project, = 0.3, or larger 
by one order of magnitude, = 3, just to illustrate the 
tendencies. In figures below we use notation 

CTo = Trr^ w 2.5 • 10"^^ cm^ . 



perpendicular) of the linear polarizations of the colliding 
photons. Such a dependence is of importance, for example, 
for the study of a Higgs boson production at a 77 collider. 
As far as we know, this possibility has not been discussed 
so far even for linear Compton scattering. 

The case of the linearly polarized laser photons (Figs. 

The spectra of the first few harmonics for this case are 
shown in Fig. 6. They differ considerably from those for 
the case of the circularly polarized laser photons shown 
in Fig. 2. First of all, in the considered case the spectra 
do not depend on the polarization of the initial electrons. 
The maximum of the first harmonic at y — yi now is 
about two times smaller than that on Fig. 2. Besides, the 
harmonics with n > 1 do not vanish at y = ?/„ contrary 
to such harmonics on Fig. 2. 

For the first few harmonics the mean helicities of the 
final photons, C2"'"'^^ shown at ^3 = 1 in Fig. 7a for 
^2 = 0.3 and in Fig. 7b for ^ 3. We would like to 



The case of the circularly polarized laser photons (Figs. 
111100). 

The spectra of the few first harmonics are shown in 
Fig. 2 for the case of "a good polarization" , when helicities 
of the laser photon and the initial electron are opposite, 
(sPc = — 1. At a small intensity of the laser wave (^^ = 0.3, 
Fig. 2a) the main contribution is given by photons of the 
first harmonic and the probability for generation of the 
higher harmonics is small. However, with the growth of the 
non-linearity parameter (^^ = 3, Fig. 2b), the maximum 
energy for the first harmonic decreases and the peak of 
this harmonic at y = yi (see Eq. (I130|l ^ decreases as well. 
As for the higher harmonics, with the rise of (Fig. 2b) 
we see an increase of the yield of photons with energies 
higher than the maximum energy of the first harmonic. As 
a result, the total spectrum becomes considerable wider. 

The mean helicities of the final photons for the few first 

harmonics, ^2"^'''^^ ^''^^ shown in Fig. 3 and Figs. 4a, 5a. In 
Fig. 3 we compare the two cases = 3 and = 0. Each 
harmonic is 100% polarized near its maximum y = ?;„, 
therefore, the whole 7 beam at a; > 0.5 has a high de- 
gree of circular polarization. However, for linear Compton 
scattering, the final photon in the region of high ener- 
gies, y > 0.8, is almost 100 % circularly polarized, while 
for the non-linear case = 3, only harmonics with n > 4 
contribute in this energy range. But the cross sections cor- 
responding to these harmonics are small (see Fig. 2b). 

There is an interesting feature related to the linear po- 
larization of the final photons; see Figs 4b and 5b. Such a 
polarization is described by the Stokes parameters ^^"-"^-^^ 

and 'Ca"''^''^'' ■ These parameters averaged over the azimuthal 
angle (p (see (|112|l ') vanish. On the other hand, the degree 
of the linear polarization for a given angle f may be close 
to 100%, especially in the case when the initial electron 
has a transverse polarization as well (see Fig. 5b). It is 
not excluded that this property of our process may result 
in a sizable dependence of the luminosities of 77 collisions 
at a photon collider on the mutual orientation (parallel or 
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Fig. 2. Energy spectra of final photons for different harmonics 
n at Cs-Pc = -1 and: (a) = 0.3; (b) = 3. The dashed 
curves correspond to = 0. 



14 



D.Yu. Ivanov et al.: Complete description of polarization effects in emission of a photon by an electron 



direct attention to the surprising fact that each harmonic 
is almost 100% circularly polarized near the high-energy 
part of the spectrum. The curves on Fig. 7 are given for 
the azimuthal angle ip = 0, for other values of (p these 
curves would look a bit different, but not too much. 

The degree of linear polarization of the final photons 
is not large in the high-energy part of the spectrum, but 
it becomes rather high in the middle and the low part of 
the spectrum; see Fig. 8. Certainly, the direction of this 
polarization depends on the azimuthal angle ip, as the re- 
sult the linear polarization averaged over (p is substantially 
smaller, see Fig. 9, than one on Fig. 8. Nevertheless, the 
non-trivial effects, related to the high degree of linear po- 
larization present at a certain p, do exist. For example, 
it was shown [22' that for linear Compton scattering this 
feature leads to an important effect for the luminosity of 
77 collisions. 



7 Summary and comparison with other papers 

Our main results are given by (|46|I - H52() for circularly and 
by (|71|l - (|76|l for linearly polarized laser beam. They are 
expressed in terms of the 16 functions Fq, Fj, Gj and 
Hij with i, j = 1 3, which describe completely the po- 
larization properties of the non- linear Compton scattering 
in a compact invariant form. The functions Fq and Fj en- 
ter the total cross section (I34II . (|81|l . the differential cross 
sections (jSn)) . (jHT|l and the Stokes parameters of the fi- 
nal photons (|35|l . The polarization of the final electrons 
is described by functions Gj , which enter the polarization 
vector C'^-^^ given by the exact equations (|37|l . H9U|) and the 
approximate equations HlUt)|l . 

Besides, we considered the kinematics and the approx- 
imate formulae relevant for the problem of e — > 7 conver- 
sion at the 77 and 76 colliders. In particular, we discuss 




y=a)7E 



Fig. 3. Mean helicity of the final photons for different har- 
monics n versus the final photon energy uu' a,t Pc = —1, Cs — 1 
and 5^ — 3. The dashed curve corresponds to ^'^ = 0. 
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Fig. 4. The Stokes parameters of final photons for different 
harmonics n versus the final photon energy oj' at ^3 = 1, Pc ~ 
— 1, — 0.3: (a) the mean helicity (b) the linear po- 

larization ^3"''^'' transverse to the scattering plane. The Stokes 
parameter obeys ^J^"''-''' = in this case. 



the polarization of the final photons and electrons aver- 
aged over the azimuthal angle 93 (see H112|l . H113(l 'l and 
the spectra and the polarization of the final particles in 
the limit of small and large energies of the final photons 
(Sect. 5). For circularly polarized laser photons and for 
large values of the parameter x ^ 1 + f ^, we obtain (with 
logarithmic accuracy) the simple analytical expression for 
the total cross section (|134|l . In Sect. 6 we present the nu- 
merical results and discuss several interesting features in 
the final photon polarization, which may be useful for the 
analysis of the luminosity of 77 collisions. 

Let us compare our results with those obtained earlier. 

Circular polarization of laser photons. In the literature 
we found the results which can be compared with our func- 
tions Fq, F2 and Gj, namely, in |l()j (the function Fq only 
at Cj = 0), in pHll3U14j (the functions Fq and F2 only 
at Ci = C2 = 0) and in T5' (the function Fq for arbitrary 
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Fig. 5. The same as in Fig. 4, but for 
Ca = 0.7. 
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Fig. 6. Energy spectra of final photons for different harmonics 
n in the case of the linearly polarized laser photons and; (a) 
— 0.3; (b) — 3. The dashed curves correspond to = 0. 



(j). For these cases our results coincide with the above 
mentioned ones. For polarization of the final electron, our 
results differ slightly from those in ■14",T5'. Namely, the 
function G2 at ^1 = ^2 = given in ,14 and the functions 
Gj for arbitrary Q obtained in |15| coincide with ours. 

However, the polarization vector ^'■^^ in the collider sys- 
tem is obtained in papers |14II15| only in the approximate 
form equivalent to our approximate equation (|106|l . 

Linear polarization of laser photons. For this case we 
found in the literature the expressions which can be com- 
pared with ours functions Fq,Fi, F2, F3. The results in 
[TU] are in agreement with our function Fq (|71|I . and the 
results in are in agreement with our functions Fj (|72(l . 

The correlation of the final particles' polarizations are 
described by the functions Hij given in , (f7H|l . We did 
not find in the literature any results for these functions 
both for the case of the circular and the linear polarization. 
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Appendix A: Limit of the weak laser field 



At ^ 0, the cross section H32(l has the form 



da{C, t C, ^')^^Fdr, 



(141) 



dr = s{p + k - p' - k 
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where 



3 3 

F = Fo + Y^ + G,c;) + E c • (142) 



Our functions 
1 



Fn = 



To compare it with the cross section for linear Compton 
scattering, we should take into account that the Stokes ^ 

parameters of the initial photon have the values 1)40(1 for Fi ~ 2c^i + s^i ^2 

the circular polarization and the values (|58|) for the lin- ^ 
ear polarization. Besides, our invariants ci, si, ri and the p 
auxiliary functions 1)70(1 transform at — > to 



1 



Ci ^ c = 1 — 2r , si ~^ s — 2y/r{l — r) 

y 



Ti ^ r 



x{l - y) ' 



1-y 

2-y 



(143) ^.3 = ^2 V 



(144) 



1 - yj - yscC2 

~ C3 - ys C16 + ys (cC2 + sCs) 6 , 
sC26 + (i + c')e3 




0-75 y=to7E 



Fig. 7. The mean helicity ^2"'"^'' of final photons for dif- 
ferent harmonics n versus the final photon energy lj' at ("3 = 1 
and: (a) = 0.3; (b) = 3. The laser photons are linearly 
polarized. The scattering plane is parallel to the direction of 
the laser photon polarization. 
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Fig. 8. The Stokes parameters ^3""^^' of the final photons for 
different harmonics n versus the final photon energy uj' at: (a) 
= 0.3; (b) 5^ — 3. The laser photons are linearly po- 
larized. The scattering plane is perpendicular to the direction 
of the laser photon polarization. The Stokes parameter obeys 
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= in this case. 
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coincide with those in :3. . Our functions 

„2 , 2f ^^ V 



Gi 



(l + C^ + S^e3)Cl 



1-y 



ys 

1- y 

2- y 



6 + (l + c2 + s2C3)C2 



ysc 



(145) 

(1 - 6) C3 , 



G3 = yc 6 + ysCiCi + ysc{i - 6) C2 



i-y 



C3 



coincide with the functions (pj given by Eqs. (31) in 
Finally, we check that our functions 



2 - 2y + y2 
Hii = 2/s6 H ^ cCi 6 



1-y 



1-y 

6 + .^'(1-6) 
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Fig. 9. The Stokes parameters {^s"'''^') of the final photons 
for different harmonics n, averaged over the azimuthal angle 
(f, versus the final photon energy uj' at: (a) — 0.3; (b) 
= 3. The laser photons are linearly polarized. The averaged 
Stokes parameter (Cj"'^^') = in this case. 
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(146) 



H22 = 

H32 = 

+ 



1-y 
y 



(i-e3) + 2cC2e2 



1-y 

2 - 2y + 



[2-2; -5^(1-^3) 

CC36 , 



ys 
C2 a 



C36 



Ci + ( 1 + c2 + -i^ I e3Ci 



2/C-; ti C2 - ys4iC3 : 



1-y 



^23 = -ys 6 



2-y 



c6Ci 



1 - y + y^ 



S^C2 



H. 



33 



+ I 1 + c- 

ys 



1-y 1 - y 

C3C2 + ysc(i -a)C3 

(i-e3)C2 



? 9 

y c 
1-y 

ysc 



1 - y " 1-y 

+ s\3 + (l + c2)^3C3 

coincide with the corresponding functions in Making 
such a comparison, one has to take into account that the 
set of unit 4- vectors used in our paper (see ((T^ . (j^ 'l. and 
one used in paper [2] are different. The relations between 
our notation and the notation of 0, which are marked 
below by super-index G, are the following: 

— — Cl,3 , £.2 ~ ^2 , — —^1,3 ; '^2'^ = C2 ; 

Co=C3,l, C2''--C2, (147) 
r'G _ „/-i „/-! /G _ „ri „/-i /G _ /-i 



Besides, in there is a misprint, namely, the factor 1/4 
should be inserted in the right-hand-side of the equation, 
which is analogous to our H141|) . 



Appendix B: 

The case of nonzero beam collision angle 

In this appendix we consider the case when the beam colli- 
sion angle ao between the vectors p and (— k) is not equal 
to zero. We omit systematically terms of the order of w/rn, 
m/E^ 6^ and Of,- In this approximation the vectors (|19|l 
take the form 



e« = 



P X p' 
|P X p'l 



(2) ^'a. 



Ik', 



3^"^k, 



(1 -f cosao) w ' 



(148) 
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i.e. the transverse components e f do not differ from their 
values at ao = 0, and zero and the z-components of e*-^-* 
vanish in the limit kj^ — > 0. As a consequence, the vector 

eL_L = e^"* simp — e^^ cosiy9 (149) 

also does not differ from its value at ao = 0. This means 
that the parameter ip in all the equations of Subsect. 3.3 
is the same azimuthal angle of the final photon counted 
from the x-axis chosen along the direction of the vector 
eL±. Therefore, the Stokes parameters of the laser photons 
conserve their values H4()|l . (|58|l . 

The Stokes parameters of the final photons are de- 
termined with respect to the transverse to the vector k' 
components of the polarization 4-vectors e^^^ and (— e''^^). 
At small emission angles 0^ 1, the final photon moves 
almost along the direction of the z-axis and, therefore, the 
components of e^^^ , which are transverse to the momen- 
tum k', coincide within the used accuracy with the vectors 
e^f' from l|148(l . This means that the Stokes parameters of 
the final photons also conserve their forms H1U2|) . H1U3|) . 

At last, using (|148|l it is not difficult to check that 
the polarization parameters of the electrons Q and Cj, 
defined by and ^U^, conserve their forms l(7S|l 

and H105() . Therefore, the whole dependence on ag enters 
into the effective cross section and the polarizations only 
via the quantity x — {AEuj/vn?) cos^ (ao/2). 

Finally, one needs to discuss the relation between the 
direction of the laser wave linear polarization and the an- 
gle which enters (|149|l and the equations in Sect. 3.3. Let 
us decompose the vector gl along the photon momentum 
k and in the plane orthogonal to that momentum: 

Gl = eL + ck, GLk = 0. (150) 

It is important to note that the electric field of the laser 
wave is directed along the vector gl. Therefore, this vector 
Gl (not the vector glj. !) determines the direction of the 
linear polarization of the laser photons. To parameterize 
this direction we introduce the angle 7, 

Gl = asin7 + bcos7 , (151) 
k X p k X a 

|k X p| ' " |k X a| ' 
sin ao 



Here the two unit vectors a and b are orthogonal to each 
other and to the vector k. Besides, the vector a is orthog- 
onal to the colliding plane, defined by the vectors p and 
(— k), while the vector b is in that plane. The colliding 
plane should be distinguished from the scattering plane, 
defined by the vectors p and k'j^ . Let the angle of the scat- 
tering plane counted from the colliding plane be ip' . Using 
the above equations it is not difficult to find that 

kj_ 

GL±=asin7— - — -cos 7. (152) 



Therefore we conclude that the parameter ip is equal to 
the difference of two angles, the angle between the two 
planes and the angle 7, 

If ^ Lp' ~ ^ . (153) 
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This means that the angle 7 which parameterizes the di- 
rection of the linear polarization is simultaneously the an- 
gle of the vector gl_l counted from the colliding plane. 



